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We find constrained instantons in Einstein gravity with and without a cosmological constant.
These configurations are not saddle points of the Einstein-Hilbert action, yet they contribute to
non-perturbative processes in quantum gravity. In some cases we expect that they give the dominant
contribution from spacetimes with certain fixed topologies. With negative cosmological constant,
these metrics describe wormholes connecting two asymptotic regions. We find many examples of such
wormhole metrics and for certain symmetric configurations establish their perturbative stability. We
expect that the Euclidean versions of these wormholes encode the energy level statistics of AdS black
hole microstates. In the de Sitter and flat space settings we find new homogeneous and isotropic
bounce and big bang/crunch cosmologies.
Introduction. There has been renewed interest in
wormholes stemming from recent progress in low-
dimensional quantum gravity. In particular, Euclidean
wormholes in Jackiw-Teitelboim (JT) and pure AdS3
quantum gravity encode the energy level statistics of
black hole microstates in those simple models [1–4]. How-
ever, it has been unclear if similar analyses exist in 3 + 1
and higher dimensions, where pure quantum gravity re-
quires an ultraviolet completion. At a technical level, it is
difficult to find stable Euclidean wormholes in d+ 1 ≥ 3
dimensions. There is a long history of wormhole solu-
tions, nearly all of which are now known to be unsta-
ble [5–8]. Furthermore the role of Euclidean wormholes
in AdS/CFT is puzzling. If they contribute to the gravity
path integral then there is some tension with the stan-
dard holographic dictionary [6, 9].
In this Letter we find new wormhole configurations
in pure Einstein gravity with negative cosmological con-
stant. These wormholes smoothly connect two asymp-
totic regions, and they are not solutions to the Einstein’s
equations. Indeed, for many cases we study, there are no
classical solutions of this sort in pure gravity. Rather, in
the language of [10] they are “constrained instantons,”
meaning that they extremize the Einstein-Hilbert action
subject to a constraint. This constraint may be under-
stood to be the length of the wormhole, or the energy per-
ceived by an observer on the boundary. For fixed bound-
ary data there is a d+1-dimensional family of wormholes,
labeled by d “twist” moduli and a parameter which con-
trols the size of the bottleneck of the wormhole. The
Einstein-Hilbert action of the wormhole depends on the
boundary data and this size parameter.
There is good reason to expect that wormholes in Ein-
stein gravity are constrained instantons. Indeed, the pre-
viously studied wormholes in JT gravity and more gen-
eral 2D dilaton theories [1, 2, 11–13], as well as pure AdS3
gravity [3, 4], are all examples of constrained instantons.
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We find a zoo of higher-dimensional Euclidean worm-
holes, some of which admit a continuation to Lorentzian
signature where they become traversable wormholes.
These Euclidean metrics admit another continuation to
new asymptotically de Sitter cosmologies. Taking flat
space limits, we find new flat space cosmologies. We
showcase a few examples, and relegate others to the Ap-
pendix. Further, we initiate a stability analysis of some
of the examples. We prove that certain symmetric worm-
holes are perturbatively stable. Assuming perturbative
stability in general, we suggest that the one-loop approxi-
mation to the path integral over these instantons (includ-
ing an integral over the instanton parameters) describes a
course-grained approximation to the energy level statis-
tics of AdS black hole microstates. In this sense, Eu-
clidean quantum gravity would provide a statistically av-
eraged, ‘mesoscopic’ description of microstates.
Constrained Instantons. An essential ingredient in our
analysis is the method of constrained instantons [10, 14]
which we briefly review. We begin with ordinary instan-
tons, to contrast with the constrained case. Given a path
integral description of a quantum system, a saddle is a
stationary point of the classical action which can be lever-
aged to perform a saddle-point approximation of the path
integral. An ‘instanton’ usually refers to a localized so-
lution, like the BPST solution of four-dimensional Yang-
Mills theory, but we use it to refer to any non-trivial
solution. In the ~→ 0 limit its contribution to the path
integral is weighted by e−S/~ with S the instanton action.
The method of constrained instantons is especially
useful in situations where there are no instantons, like
a Higgs phase of four-dimensional Yang-Mills theory
coupled to matter. To illustrate the idea, consider a
Euclidean path integral over a field φ, schematically∫
[dφ] exp(−S[φ]/~). Let C[φ] be some functional of φ.
Then∫
[dφ] e−
1
~S[φ] =
∫
dζ
∫
[dφ] δ(C[φ]− ζ) e− 1~S[φ] , (1)
where we have introduced a constraint C[φ] = ζ but ren-
dered it innocuous by integrating over ζ. We can rewrite
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1
~
∫
dλ
∫
dζ
∫
[dφ] e−
1
~ (S[φ]+λ(C[φ]−ζ)) , (2)
where λ is integrated parallel to the imaginary axis. In
the full variational problem one varies with respect to
(φ, λ, ζ) so that the equations of motion are
δS[φ] + λ δC[φ] = 0 , C[φ] = ζ , λ = 0 , (3)
i.e. δS[φ] = 0. But suppose we define a new variational
problem where one varies φ and λ but keeps ζ fixed. The
corresponding equations of motion are
δS[φ] + λ δC[φ] = 0 , C[φ] = ζ . (4)
Any solution to the original field equation δS[φ] = 0
which satisfies the constraint solves these equations. Cru-
cially, this variational problem may admit more solutions.
We refer to solutions of (4) as ‘constrained instantons.’
Suppose that there is a 1-parameter family of solutions
(φζ , λζ) to (4) labeled by ζ. One may then perform a
~ → 0 approximation to the path integral through a
saddle-point approximation to the integral over φ and
λ at fixed ζ, followed by the residual integral over ζ,
∼
∫
dζ e−
1
~S[φζ ]D[φζ ]−1/2 , (5)
where D[φζ ] is the appropriate one-loop determinant at
fixed ζ. Note that there is an integral over the space of
constrained instantons, here labeled by ζ.
Below we set ~ = 1, but keep factors of Newton’s con-
stant G so that 1/G is our large saddle parameter.
Constrained instantons for Euclidean AdS. We begin
with Euclidean Einstein gravity in d+ 1 dimensions and
negative cosmological constant, with action
SEH = − 1
16piG
∫
M
dd+1x
√
g(R− 2Λ) , Λ = −d(d− 1)
2L2
.
(6)
We impose asymptotically Euclidean AdS boundary con-
ditions, and include appropriate boundary terms includ-
ing those counterterms required by holographic renor-
malization [15]. Henceforth we use L = 1 units unless
noted otherwise.
The classical solution to Eqn. (6) is known: it is
just standard Euclidean AdSd+1 with a single boundary.
However, our goal is to find a family of constrained in-
stantons which correspond to Euclidean wormholes with
two boundaries. We work in a global coordinate system
(ρ, xi) where i = 1, 2, ..., d and ρ is a radial coordinate,
and one reaches the two boundaries as ρ→ ±∞. We fix
ρ so that gρi = 0 and gρρ = 1. By the logic of Eqn. (2),
we need to choose an inspired constraint. In this Letter
we consider two different constraints which lead to the
same wormholes. The first constraint is to fix the length
of the wormhole connecting the two boundaries as in [13].
This constraint is necessarily non-covariant,1 and reads
C[gµν ] = volx
8piG
∫
d ρΛ
√
gρρ . (7)
The two boundaries are endowed with metrics γ1 and γ2
related to the induced one by a defining function2 ∝ e±ρ,
and volx is the average boundary volume
vol1+vol2
2 with
vol1 the boundary volume computed with respect to γ1
and similarly for vol2.
The constraint here only depends on gρρ, and so only
modifies the ρρ component of Einstein’s equation. In our
radial gauge the modified Einstein’s equations are
√
g
(
Rµν− R
2
gµν + Λgµν
)
−
√
γ1+
√
γ2
2
λΛδµρ δ
ν
ρ = 0 . (8)
Remarkably, we find a wealth of Euclidean wormhole so-
lutions to this constrained problem, many of which we
can write down analytically. We focus on a few simple
cases, leaving a few more examples to the Appendix.
Torus boundary. Consider Euclidean wormholes con-
necting two regions with torus boundary. These bound-
aries are specified by independent conformal structures.
When these structures are generic and different from each
other, we expect to find a wormhole described by a line
element of the form
ds2 = dρ2 + hij(ρ)dx
idxj , (9)
where the xi parameterize a d-dimensional torus. Al-
though we have yet to find a wormhole connecting bound-
ary tori with completely generic conformal structures in
all dimensions (we have succeeded in three spacetime di-
mensions), we have found several special subclasses. The
simplest is a highly symmetric configuration which solves
the modified equations of motion:3
ds2 = dρ2 + b2
(
2 cosh
(
d ρ
2
)) 4
d
δijdy
idyj . (10)
Here b > 0 and we have relaxed our radial gauge choice
slightly by allowing yi = xi + f i(ρ), where f i(ρ) is pure
gauge unless it has support out to the boundaries. In
that case it contains physical data, a relative twist τ i be-
tween the two boundaries given by τ i = limρ→∞ f i(ρ)−
1 Because the constraint is non-diffeomorphism-invariant the pa-
rameter ζ in this case is unphysical, as the value of C evaluated
on a metric can be adjusted by a change of coordinates.
2 An asymptotically Euclidean AdS line element has the form
ds2 = dρ2 + (e2ρg
(0)
ij (x) + . . .)dx
idxj as ρ → ∞ and appropri-
ate subleading terms indicated by the dots. The induced metric
on the boundary at ρ → ∞ diverges. So using a defining func-
tion f(x, ρ) which grows as ∼ eρ near the boundary one extracts
a boundary metric γ = limρ→∞ f−2P[g] with P the pullback.
Below we use a defining function f ∝ be|ρ|.
3 With nonzero f i(ρ) one must modify the constraint slightly so
that this metric is a solution of the modified problem.
3FIG. 1. A schematic of a wormhole with torus boundaries,
and a bottleneck with volume proportional to bd.
limρ→−∞ f i(ρ). This is a bottleneck geometry, with a
minimal torus of volume ∼ bd at ρ = 0, so non-singularity
implies b > 0.
This geometry has two boundaries as ρ → ±∞
with aligned conformal structures specified by the same
boundary metric δij . By modifying the identifications
of the xi, we can equip one of the boundary tori with
any conformal structure we wish, but then the confor-
mal structure of the other will be aligned with that of
the first. Together, the (b, τ i) form the instanton param-
eters at fixed values of the boundary conformal struc-
tures. The τ i are large diffeomorphisms and so exact
zero modes, while the renormalized action of this con-
figuration Sren =
(d−1)vol(Td)
2piG b
d depends on the size b.
Figure 1 depicts the wormhole.
The metric (10) satisfies the modified equations (8).
It is easy to show that the metric in (10) satisfies the ij
and ρi components of the ordinary Einstein’s equations.
However, on this metric we find
√
g
(
Rρρ − R
2
gρρ + Λgρρ
)
= Λ bd , (11)
so that we can solve the ρρ component with λ = bd
In the Appendix we demonstrate two important prop-
erties of these wormholes. The first is that they are stable
against quadratic fluctuations within Einstein gravity (as
well as for more general low-energy effective theories of
Einstein gravity coupled to matter). The second is that
this is the most general wormhole where the boundary
conformal structures are aligned. We show the latter by
studying linearized fluctuations of (10) so that the mod-
ified line element is of the form (9). Demanding that
the new metric solves the modified Einstein’s equations,
one finds a d(d + 2)-dimensional space of perturbations.
These perturbations can be understood as changes of the
d+1 instanton parameters (b, τ i), a redefinition ρ→ ρ+ε,
and perturbations in the conformal structures on the two
boundaries. There are no other parameters left, which if
they existed would parameterize other deformations of
the wormhole consistent with the boundary conditions.
We can slightly relax the constraint that the two con-
formal structures are exactly aligned. A d-dimensional
torus may be written as S1β×fTd−1, where the S1β has the
interpretation of Euclidean time and the Td−1 as space.
Then we may find solutions where the thermal circles on
each boundary have different lengths,
ds2 = dρ2 (12)
+ b2
(
2 cosh
(
d ρ
2
)) 4
d
((
β1e
d ρ
2 + β2e
− d ρ2
2 cosh
(
d ρ
2
) )2(dy1)2 + ds2Td−1) ,
where ds2Td−1 =
∑d
i=2(dy
i)2 and we let x1 ∼ x1 + 1.
These solutions have a renormalized action
Sren = (β1 + β2)E , E = vol(Td−1) ε , ε =
(d− 1)bd
4piG
,
(13)
with ε the energy density. We will return to this obser-
vation shortly.
For the analytic continuation β1 = iT and β2 = −iT ,
where the action vanishes, this geometry becomes a gen-
uine saddle for any b. This particular configuration is a
“double cone” geometry of [1]. Accordingly, for general
β1, β2, our configurations generalize the double cone.
Analytically continuing x1 to real time this geome-
try becomes a traversable wormhole connecting the two
boundaries at ρ→ ±∞: in this geometry, null geodesics
at fixed location on the spatial torus take a finite time to
travel from one boundary to the other.
Finally, in addition to the wormhole there is a related
singular geometry, with line element
ds2 = dρ2 + b2
(
2 sinh
(
d ρ
2
)) 4
d
δijdx
idxj , (14)
where the whole torus collapses at ρ = 0 with an “open-
ing angle” ∼ b. This example will show up later as it
admits an interesting continuation to positive cosmolog-
ical constant.
S1 × S3 boundary. Let us briefly present another ex-
ample where the boundaries are S1 × Sd−1, which we
expect to be related to black hole physics in AdS. For
d = 2 these boundaries are tori, which we covered above
and is given in some more detail in the Appendix. For
d = 4 we find a simple solution with boundaries S1β1 ×S3
and S1β2 × S3,
ds2 = dρ2 +
b4
8
(β1e
2ρ + β2e
−2ρ)2
b2 cosh(2ρ)− 1 (dx
1)2
+
1
2
(
b2 cosh(2ρ)− 1) ds2S3 , (15)
where x1 ∼ x1 + 1 and non-singularity implies b > 1.
There are also twist zero modes which we are neglecting
to write. In a holographic renormalization scheme where
one does not add a finite counterterm ∝ ∫ d4x√γ R2γ , the
renormalized action is
Sren = (β1 + β2)E , E = b
4E0 , E0 =
3
8
vol(S3)
16piG
, (16)
with E0 the energy threshold of small black holes in AdS5
in this scheme.
4As with the torus wormholes, these metrics describe
traversable wormholes upon continuing to real time. Fur-
ther for β1 = −β2 = iT these metrics are genuine saddles
for all b, and reduce to a double cone geometry of [1].
Action and boundary stress tensor. The constrained in-
stantons in the last Section have the property that, de-
spite being off-shell configurations, their action evaluates
to a pure boundary term. In the Appendix we show that
this follows from the ij components of the modified Ein-
stein’s equations (8), as well as derive a simple expression
for the action of those wormholes in terms of the holo-
graphic stress tensor T ij [16]. Working in a gauge where
our metrics take the form ds2 = dρ2+hij(x, ρ)dx
idxj , the
renormalized action for wormholes with torus or S1 × S3
boundary is
Sren =
1
d
∫
∂M
ddx
√
γ γijT
ij , (17)
where γ is the boundary metric and the action is the sum
of two terms, one for each component of the boundary.
We infer that the boundary stress tensor has nonzero
trace for these wormholes. This is in contrast with on-
shell configurations of Einstein gravity, where the trace
of the boundary stress tensor is fixed in terms of the
boundary metric [17]. For the torus wormhole in (12)
the energy density perceived on the two boundaries is
identical and is given by
ε1 = ε2 =
(d− 1)bd
4piG
, (18)
while the stress tensor trace on boundary 1 is
1
d
(γijT
ij)1 =
(d− 1)bd
8piG
(
1 +
β2
β1
)
, (19)
with a similar expression on boundary 2.
So far we have found constrained instantons by fix-
ing the length between the two boundaries. We would
like another, covariant constraint that leads to the same
wormholes. Given the boundary stress tensors here, in-
stead we can fix the energies E1, E2 perceived on the two
boundaries as in [1, 13]. Indeed our wormholes extremize
the Einstein-Hilbert action subject to the constraint that
E1 = E2 = E, as long as E is above a critical thresh-
old (e.g. the small black hole threshold for the S1 × S3
case). This likely implies that the wormholes studied in
this Letter give the dominant contribution to the gravity
path integral from spacetimes with this simple topology
since we expect that more general wormholes are labeled
by fixed E, and at least within the subset of metrics of a
fixed E, our wormholes extremize the action.
de Sitter and flat space. So far we have focused on
configurations in gravity with negative cosmological con-
stant. It is natural to ask if there are similar constrained
instantons with positive or zero cosmological constant.
Consider a positive cosmological constant. There is
a simple procedure to go from our Euclidean AdS con-
strained instantons to de Sitter versions thereof:4 (i) re-
store the AdS radius L, (ii) send L→ iL, and (iii) Wick
rotate ρ = it. (Accordingly ρ/L → t/L.) For example,
starting with the symmetric wormhole in Eqn. (10), we
obtain
ds2 = −dt2 + b2
(
2 cosh
(
dt
2L
)) 4
d
δijdy
idyj , (20)
where yi = xi + f i(ρ) as usual. This is a bounce cosmol-
ogy with a flat, toroidal universe. In our study of worm-
holes at negative cosmological constant, the constraint
modified the ρρ component of Einstein’s equations. In
this case the constraint, effectively the time elapsed be-
tween past and future infinity, modifies the tt component.
So from the point of view of an observer in this space-
time who assumes that the usual Einstein’s equations are
satisfied, that observer would infer that the spacetime is
supported by a negative energy density (in addition to
the cosmological constant)
T tteff = −
1√−g
d(d− 1)
4piGL2
bd . (21)
We stress that this apparent energy density is fictitious.
In our approach the spacetime (20) is not sourced by any
matter; it is a constrained instanton of Einstein gravity
itself, and so is not a solution to the usual Einstein’s
equations. We also stress that this cosmological process is
classically forbidden in Einstein gravity without matter;
it is intrinsically quantum mechanical.
We construct other asymptotically de Sitter bounce ge-
ometries in the Appendix with closed and open universes.
A rather dramatic class of de Sitter constrained instan-
tons correspond to big bang/crunch cosmologies. Start-
ing with Eqn. (14) we find
ds2 = −dt2 + b2
(
2 sinh
(
d|t|
2L
)) 4
d
δijdx
idxj , (22)
for either t ≥ 0 or t ≤ 0, corresponding to a big bang
or big crunch respectively, with torus boundary. An ob-
server in this universe might infer that the spacetime is
supported by a positive energy density
T tteff =
1√−g
d(d− 1)
4piGL2
bd . (23)
In the Appendix we also find big bang/crunch cosmolo-
gies with a closed or open universe. For example a simple
d = 2 instanton with a closed universe (which is classi-
cally forbidden) is given by
ds2 = −dt2 + 4b2 sinh2
(
t
L
)
ds2S2 . (24)
4 There is another continuation introduced in [18] which can be
adapted here, amounting to a shift ρ→ t− ia for some a. That
continuation has not led us to any new geometries.
5Other explicit examples are given in the Appendix. All
big bang/crunch cosmologies we find are supported by
a fictitious positive energy density as above. We do not
have explicit solutions in 3 + 1 dimensions, but can solve
for the warp factor numerically.
To summarize the de Sitter solutions, there are novel,
natural cosmologies (including big bangs/crunches)
which are not classically allowed, yet contribute to the
gravity path integral. Such solutions may have the po-
tential for real-world physical significance. For instance,
they may offer interesting alternatives to the Hartle-
Hawking state [19]. Or more dramatically, perhaps we
live in a constrained instanton cosmology, with param-
eters like b accounting for part of the observed energy
budget of the universe.
To obtain flat space constrained instantons from either
the AdS or dS solutions, we simply restore L and take
L → 0. To obtain non-trivial solutions, sometimes we
will need to make parameters, such as the bottleneck
scale b, scale with L as well. For instance, the flat space
limit of Eqn. (20) is just ordinary flat space R × Td−1;
the flat space limit of Eqn. (22) with b2 =
(
L
d
) 4
d B2 is
ds2 = −dt2 +B2|t| 4d δijdxidxj (25)
which is a big bang/crunch cosmology. Other novel solu-
tions are collected in the Appendix.
Statistics of black hole microstates. So far we have
found families of constrained instantons labeled by the
instanton parameters (b, τ i). To compute the semiclas-
sical approximation to the path integral as in (5) we
require constrained saddles as well as the appropriate
one-loop determinants around them. Those determinants
may not be tractable for Einstein gravity in more than
three spacetime dimensions.
What does the wormhole amplitude encode? In JT
gravity and pure AdS3 gravity the full wormhole ampli-
tude has been computed in [2–4]. (In three dimensions
the amplitude was computed using a constrain first ap-
proach in the first-order formalism [3], rather than by
performing a sum over metrics; the amplitude was also
computed via a bootstrap method in [4].) In those ex-
amples this basic two-boundary wormhole encodes the
leading two-point energy fluctuation statistics of black
hole microstates, and in particular those statistics match
a random matrix theory prediction.
In more than three spacetime dimensions there is much
less that we can say without knowing the integration
measure over b. However, we would like to point out
a route by which the one-loop approximation to the
wormhole amplitude may yield the same random ma-
trix theory answer as in the lower dimensions, at least
in the low-temperature limit. The torus and S1 × S3
wormhole actions take the simple form (β1 +β2)E where
E = V ε ∝ V bdG with V the spatial volume. (These worm-
holes also carry zero angular momentum, and so would
encode the spectral statistics of spinless primaries.) Sup-
pose the quantum-corrected measure over b (after inte-
grating out all other fluctuations) is just d
(
bd
G
)
∼ dε.
The integration over the twist zero modes will produce
a factor V0 =
√
β1β2 V (see [3] for a discussion in the
context of 3D gravity). We would then have a one-loop
amplitude
∼ V0
∫
dε e−(β1+β2)V ε =
√
β1β2
β1 + β2
e−(β1+β2)E0 , (26)
where E0 is the energy at the lower bound of integration.
For a normalization constant 12pi this expression would
match a random matrix theory prediction, where E0 cor-
responds to the spinless black hole threshold. This ran-
dom matrix theory prediction is essentially the physics of
level repulsion, which is a generic feature of many-body
chaotic quantum systems upon coarse-graining. We can-
not help but note that the torus and S1 × S3 wormholes
carry energies E ≥ E0. Clearly much more work remains
to be done.
Discussion. We have established the existence of con-
strained instantons in Einstein gravity with and with-
out cosmological constant. With negative cosmologi-
cal constant, relevant for the AdS/CFT correspondence,
we found explicit solutions corresponding to Euclidean
wormholes with a variety of boundary topologies. Fur-
ther, they may give the dominant contribution from two-
sided wormholes with trivial bulk topology in pure quan-
tum gravity.
In two and three spacetime dimensions [1–4, 20] the
statistical properties of AdS black hole microstates are
encoded in smooth geometries, albeit constrained instan-
tons (Euclidean wormholes) rather than solutions to the
field equations. In JT gravity and pure AdS3 gravity, the
two-point fluctuation statistics computed from the sim-
plest wormholes are exactly what one anticipates from
a random matrix theory description. It is then strik-
ing that there are similar Euclidean wormholes in pure
Einstein gravity in 3 + 1 and higher spacetime dimen-
sions. With the lower-dimensional results and the univer-
sality of random matrix theory in mind, it is tempting to
speculate that the path integral over these constrained
instantons gives a coarse-grained approximation to the
level statistics of AdS black hole microstates. As such,
the gravitational path integral would be a mesoscopic de-
scription of quantum gravity, which does not know about
the precise spectrum of black hole microstates (which in
tractable examples depends on the UV completion), but
instead provides statistical information.
Recent works have advocated for an ensemble-averaged
description of JT gravity and pure gravity in three space-
time dimensions [1–4, 20–24], i.e. dualites between pure
quantum gravity and a disordered system. JT gravity is
renormalizable, and pure AdS3 gravity is power-counting
renormalizable, and so modulo the convergence of the
sum over topologies, these models do not require a UV
completion. In higher spacetime dimension, pure gravity
is emphatically non-renormalizable, but amazingly our
low-energy analysis may yield sensible answers for certain
statistical quantities probing gravitational microstates.
6We expect that these wormhole amplitudes are akin to
the Bekenstein-Hawking entropy, in that they use the ef-
fective IR description of quantum gravity to approximate
very particular properties of black holes (like the density
of states or fluctuation statistics) which na¨ıvely require
UV data to reliably compute.
We have found that the symmetric AdSd+1 wormholes
are perturbatively stable within Einstein gravity, which
poses a potential conflict with paradigmic examples of
the AdS/CFT correspondence, where certain string the-
ories are equated with single instances of a CFT, rather
than an ensemble. With this tension in mind, in an up-
coming work [25] we embed the wormholes studied here
into string theory in various settings, and perform a sta-
bility analysis within perturbative string theory. We also
study the prospect of stabilizing these wormholes with
suitable boundary conditions for bulk matter as in [26].
In our previous studies of de Sitter JT gravity [11, 27]
we have seen how constrained instantons in de Sitter
encode the transition amplitudes of classically forbid-
den processes, like the nucleation or annihilation of a
closed universe. The higher-dimensional cosmologies in-
troduced in this Letter may provide a starting point for
similar studies in Einstein gravity, along with new quan-
tum states of the universe generalizing the no-boundary
proposal.
There are many future directions suggested by our
findings. One is the development of numerical methods
for finding constrained instantons, which should be able
to leverage existing techniques from numerical relativity.
Relatedly, it seems plausible that there exist gravitational
constrained instantons with more than two asymptotic
boundaries, and perhaps numerical methods may aid in
finding these solutions. Another direction is to find con-
strained instantons for gravity plus matter fields or gauge
fields, or even to explore constrained instantons in pure
supergravity. Finally, we raised the prospect that per-
haps we live in a constrained instanton cosmology. Is this
so? It may be useful to find experimental constraints on
the instanton parameters, which support the instanton
spacetime in a way that mimics cold dark matter.
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7Appendix A: Zoology of constrained instanton solutions
In this Appendix, we enumerate the constrained instantons we have found, emphasizing simple, closed-form ex-
pressions. Often we will restrict the dimension in order to provide non-numerical expressions for the warp factors.
For AdS and dS, we explicitly write the AdS/dS radius L. In Euclidean signature, our coordinates will be (ρ, xi)
for i = 1, 2, ..., d, and in Lorentzian signature we use (t, xi) for i = 1, 2, ..., d. We will not discuss twists, i.e. using
coordinates yi = xi + f i(ρ), although they can be included. In the asymptotically flat space setting, we do not in-
clude L→∞ degenerations of the AdS/dS solutions that yield ordinary instantons (i.e., we only include constrained
instantons).
In the context of open boundaries, namely Hd, our results hold if we further consider quotients by a subset of the
isometry group which acts freely.
Asymptotically Euclidean Anti-de Sitter
Flat spatial slices.
Td boundaries, non-singular solutions. In arbitrary d, we find Euclidean wormholes solutions where the boundaries
have topologies S1β1 × Td−1 and S1β2 × Td−1, where Sβ denotes the non-topological data that the corresponding circle
has circumference β. The explicit solutions are
ds2 = dρ2 + b2
(
2 cosh
(
d ρ
2L
)) 4
d

β1e d ρ2L + β2e− d ρ2L
2 cosh
(
d ρ
2L
)
2(dx1)2 + ds2Td−1
 (A1)
where ds2Td−1 =
∑d
i=1(dx
i)2 and b ∈ (0,∞). A particularly symmetric set of solutions can be found for β1 = β2, which
analytically continue (via Wick rotation) to traversable wormholes.
For d = 2, Eqn. (A1) in fact represents the most general wormhole with topology T2 × I, after accounting for the
freedom in the identifications of the xi. We will have more to say about the d = 2 case in the “Other boundary
topologies and miscellany” subsection below.
Td boundaries, singular solutions. These solutions are singular counterparts to Eqn. (A1) above,
ds2 = dρ2 + b2
(
2 sinh
(
d ρ
2L
)) 4
d

β1e d ρ2L + β2e− d ρ2L
2 sinh
(
d ρ
2L
)
2(dx1)2 + ds2Td−1
 . (A2)
These solutions seem most suitable for either ρ ≤ 0 and ρ ≥ 0.
Closed spatial slices.
Sd boundaries, non-singular solutions. We have a general solution of the form
ds2 =
f(ρ/L)
d
2−2f ′(ρ/L)2
C + 4f(ρ/L)
d
2−1 + 4f(ρ/L)
d
2
dρ2 + L2f(ρ/L) ds2Sd , (A3)
where C is a constant. To obtain non-singular solutions with the appropriate asymptotic behavior, we consider the
case of d even and let
C = −4bd−2(1 + b2) , f(ρ) = b2(ρ2 + 1) , (A4)
where b > 0.
In some dimensions, the warp factors can be conveniently written in terms of hypertrigonometric functions. For
example, in d = 2 and d = 4 we respectively have
d = 2 : ds2 = dρ2 + L2b2 cosh2
( ρ
L
)
ds2S2 , (A5)
d = 4 : ds2 = dρ2 +
L2
2
(
b2 cosh
(
2ρ
L
)
− 1
)
ds2S4 , (A6)
8where b > 0 in d = 2 and b > 1 in d = 4.
Sd boundaries, singular solutions. We have explicit solutions by looking at singular counterparts of Eqn.’s (A5)
and (A6), namely
d = 2 : ds2 = dρ2 + L2b2 sinh2
( ρ
L
)
ds2S2 , (A7)
d = 4 : ds2 = dρ2 + L2 sinh
( ρ
L
)(
b2 cosh
( ρ
L
)
+ sinh
( ρ
L
))
ds2S4 , (A8)
for b > 0.
Open spatial slices.
Hd boundaries, non-singular solutions. Letting ds2Hd =
1
(x1)2
∑d
i=1(dx
i)2, we find the explicit solutions in
d = 2 and d = 4:
d = 2 : ds2 = dρ2 + b2 cosh2
( ρ
L
)
ds2H2 , (A9)
d = 4 : ds2 = dρ2 +
L2
2
(
b2 cosh
(
2ρ
L
)
+ 1
)
ds2H4 , (A10)
where here b > 0. We note that the above are genuine solutions to Einstein’s equations for b = 1 [6].
Hd boundaries, singular solutions. We find explicit solutions which are singular counterparts to Eqn.’s (A9)
and (A10), namely
d = 2 : ds2 = dρ2 + b2 sinh2
( ρ
L
)
ds2H2 , (A11)
d = 4 : ds2 = dρ2 + L2 sinh
( ρ
L
)(
b2 cosh
( ρ
L
)
− sinh
( ρ
L
))
ds2H4 , (A12)
with b > 0 as usual.
Other boundary topologies and miscellany.
S1 × Sd−1 boundaries, non-singular solutions. For d = 2, we have S1 × S1 ' T2 which reduces to the torus
case studied above. For higher d, we find explicit warp factors for d = 4 with boundaries S1β1 × S3 and S1β2 × S3,
namely
ds2 = dρ2 +
L2b4
8
(β1e
2ρ/L + β2e
−2ρ/L)2
b2 cosh
(
2ρ
L
)− 1 dx21 + L22
(
b2 cosh
(
2ρ
L
)
− 1
)
ds2S3 , (A13)
where b > 1. This can be expressed in other coordinates as
ds2 =
dρ2
(ρ/L)2 + 2
+
L2b4
8
((ρ/L)2 + 1)2
b2((ρ/L)2 + 1)− 1 dx
2
1 +
L2
2
(
b2((ρ/L)2 + 1)− 1) ds2S3 . (A14)
AdS3 wormholes with T2 boundaries. Consider Euclidean wormholes connecting two torus boundaries in three
dimensions. In this case we can explicitly write down the most general wormhole, allowing the two boundaries to
have arbitrary complex structures. Let A and B be real-valued 2× 2 commuting matrices. Then
ds2 = dρ2 + dyT · (AT eρ +BT e−ρ)(Aeρ +Be−ρ) · dy (A15)
where yi = xi + f i(ρ) is the most general constrained instanton corresponding to a connected wormhole. With
x1 ∼ x1 + 1 and x2 ∼ x2 + 1 it has a renormalized action
Sren =
1
4piG
tr
(
adj
(√
ATA
)√
BTB
)
(A16)
where adj(M) = det(M)M−1 denotes the adjugate matrix (and so the above is symmetric in A and B).
9To see that this is equivalent to our earlier result (A1), let us go to a basis which simultaneously diagonalizes A
and B. In that basis (which we still label as yi) we have
ds2 = dρ2 +
(
λ
(A)
1 e
ρ + λ
(B)
1 e
−ρ
)2
(dy1)2 +
(
λ
(A)
2 e
ρ + λ
(B)
2 e
−ρ
)2
(dy2)2 . (A17)
Then upon a translation ρ → ρ + constant and a rescaling y2 → αy2 we can arrange for the warp factor in front of
(dy2)2 to be 4b2 cosh2(ρ). The parameters λ
(A)
1 and λ
(B)
1 can then be mapped to the parameters β1 and β2.
Let us briefly count the number of available parameters here, and map it to the wormhole moduli space. From
the point of view of (A1) the geometry is specified by the size parameter b, the twists τ i, as well as (β1, β2) and
the identifications of the xi. Those identifications can be thought of as parameterizing two vectors in the complex
plane, na¨ıvely four parameters, however we are overcounting. A simultaneous rotation of these vectors produces
the same torus, and a simultaneous rescaling is equivalent to a change of b. So the new data in these two vectors
is simply the complex structure of the torus thus parameterized. So all in all the parameters here are b, the
twists τ i, β1 and β2, and the complex structure of the torus parameterized by the x
i. These seven real parame-
ters exactly map onto the complex structures τ1 and τ2 of the boundary tori and the three wormhole parameters (b, τ
i).
Linearized perturbations of symmetric wormholes with Td boundaries. Let us examine the wormholes in Eqn. (A1) for
β1 = β2 = 1, which we call the “symmetric wormholes” since the boundary tori have the same conformal structure.
The most general O() perturbation which is still a constrained instanton is
ds2 = dρ2 + b2
(
2 cosh
(
d ρ
2L
)) 4
d
[
δij + 
(
Cij +Dij tanh
(
d ρ
2L
))]
dyidyj , (A18)
where C and D are d × d symmetric matrices, and so it seems that, besides the twists, linearized perturbations
are labeled by d(d + 1) parameters. The trace of C can be mapped to a perturbation of b and the trace of D
can be removed by a radial translation ρ → ρ + constant. So besides the wormhole parameters (b, τ i) there are
d(d + 1) − 2 = 2
(
d(d+1)
2 − 1
)
parameters left labeling the perturbation. But this is precisely the right number to
account for perturbations of the two boundary conformal structures, which are encoded in boundary metrics (hence
the d(d+1)2 ) modulo independent Weyl rescalings (hence the −1). This counting exercise shows that, with fixed
boundary conditions, the wormhole parameters are (b, τ i), no more and no less.
Alternative coordinates for symmetric wormholes with Td boundary. Consider again the wormholes in Eqn. (A1) with
β1 = β2 = 1. In even d, the metric satisfies the constrained instanton equations if
ds2 =
f(ρ/L)
d
2−2f ′(ρ/L)2
C + 4f2(ρ/L)
d
2
dρ2 + f2(ρ/L) ds
2
Td . (A19)
and C is a constant. We can let f(ρ) = b2(ρ2 + 1) and C = −4bd to get a (non-singular) wormhole metric with
appropriate asymptotic behavior. Some examples are:
d = 2 :
1
(ρ/L)2 + 1
dρ2 + b2((ρ/L)2 + 1)ds2T2 , (A20)
d = 4 :
1
(ρ/L)2 + 2
dρ2 + b2((ρ/L)2 + 1)ds2T4 , (A21)
where as usual, b > 0.
Asymptotically de Sitter
Here we treat the case of asymptotically de Sitter spacetimes; many of the solutions here are counterparts of the
Euclidean Anti-de Sitter spacetimes written above.
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Flat spatial slices.
Td boundaries, non-singular solutions. These solutions are related to Eqn. (A1) above by taking L → iL,
ρ = it. We find the following solutions with asymptotic boundaries S1β1 × Td−1 and S1β2 × Td−1 :
ds2 = −dt2 + b2
(
2 cosh
(
dt
2L
)) 4
d
(β1e dt2L + β2e− dt2L
2 cosh
(
dt
2L
) )2d(y1)2 + ds2Td−1
 , (A22)
for b > 0, which are analogs of global dSd+1 but with torus boundaries.
Td boundaries, singular solutions. The singular counterparts to Eqn. (A22) are
ds2 = −dt2 + b2
(
2 sinh
(
d|t|
2L
)) 4
d
(β1e dt2L + β2e− dt2L
2 sinh
(
dt
2L
) )2d(x1)2 + ds2Td−1
 (A23)
for b ∈ (0,∞), which are big bang cosmologies for t ∈ [0,∞) and big crunch cosmologies for t ∈ (−∞, 0].
Closed spatial slices.
Sd boundaries, non-singular solutions. We find explicit solutions in d = 2 and d = 4, which are de Sitter
analogs of Eqn.’s (A5) and (A6). In particular, we have
d = 2 : ds2 = −dt2 + L2b2 cosh2
(
t
L
)
ds2S2 , (A24)
d = 4 : ds2 = −dt2 + L
2
2
(
b2 cosh
(
2t
L
)
+ 1
)
ds2S4 . (A25)
When b = 1 these metrics are genuine saddles, giving global de Sitter space, while for other b > 0 we have constrained
instanton versions of global de Sitter.
Sd boundaries, singular solutions. The singular analogs of Eqn.’s (A24) and (A25) are
d = 2 : ds2 = −dt2 + L2b2 sinh2
(
t
L
)
ds2S2 , (A26)
d = 4 : ds2 = −dt2 + L2 sinh
(
t
L
)(
b2 cosh
(
t
L
)
− sinh
(
t
L
))
ds2S4 , (A27)
for b > 0, which are big bang/crunch cosmologies.
Open spatial slices.
Hd boundaries, non-singular solutions. The de Sitter counterpart to Eqn.’s (A9) and (A10) in d = 2 and
d = 4, respectively, are
d = 2 : ds2 = −dt2 + b2 cosh2
(
t
L
)
ds2H2 , (A28)
d = 4 : ds2 = −dt2 + L
2
2
(
b2 cosh
(
2t
L
)
+ 1
)
ds2H4 , (A29)
for b > 0.
Hd boundaries, singular solutions. The singular, cosmological analogs of Eqn.’s (A30) and (A31) immediately
above are
d = 2 : ds2 = −dt2 + b2 sinh2
(
t
L
)
ds2H2 , (A30)
d = 4 : ds2 = −dt2 + L2 sinh
(
t
L
)(
b2 cosh
(
t
L
)
+ sinh
(
t
L
))
ds2H4 , (A31)
again for b > 0.
11
Asymptotically flat
The solutions in here can be obtained by appropriate flat space limits of the previously described AdS and dS
constrained instantons. We omit the case of non-singular solutions for Td boundaries, since here we just find flat
space on Td × I which is an ordinary instanton.
Flat spatial slices.
Td boundaries, singular solutions. We have the solutions
ds2 = −dt2 + b2|t| 4d ds2Td , (A32)
for b > 0 which look like constrained instanton versions of Kasner-type metrics. There is a big bang/crunch for t ≥ 0
and t ≤ 0.
Closed spatial slices.
Sd boundaries, non-singular solutions. Here we have only found an explicit solution in d = 4, namely
ds2 = dρ2 + (ρ2 + b2) ds2S4 , (A33)
for b > 0.
Sd boundaries, singular solutions. We found explicit singular solutions in d = 2 and d = 4, which are
d = 2 : ds2 = −dt2 + b2ρ2 ds2S2 , (A34)
d = 4 : ds2 = −dt2 + ρ(ρ+ b2) ds2S4 , (A35)
with b > 0.
Open spatial slices.
Hd boundaries, non-singular solutions. An explicit non-singular solution in d = 4 is simply
ds2 = −dt2 + (t2 + b2) ds2H4 , (A36)
for b > 0.
Hd boundaries, singular solutions. In d = 2 and d = 4, we find the explicit singular solutions
d = 2 : ds2 = −dt2 + b2ρ2 ds2H2 , (A37)
d = 4 : ds2 = −dt2 + (ρ2 + b2) ds2H4 , (A38)
with b > 0.
Appendix B: Useful formulas for the geometry of the symmetric wormhole with torus boundary
Here we collect some useful formulas for differential geometric quantities of the metric corresponding to the sym-
metric wormhole (10) with zero twist (and setting L = 1). These will be utilized below in Appendix C. Working in
(ρ, x1, ..., xd) coordinates, let us define
∆µν =
bd
4
δµρδνρ
Λ√
g
. (B1)
Then for the metric in Eqn. (10), we have
Rµν = −d
[
cosh(d ρ)
1 + cosh(d ρ)
]
gµν + ∆µν (B2)
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and accordingly
R = −d(d+ 1)
[
cosh(d ρ)
1 + cosh(d ρ)
]
+ Λ sech2
(
d ρ
2
)
. (B3)
Then we find
√
g (R− 2Λ) = −d b
d
4
cosh(d ρ) . (B4)
Combining Eqn.’s (B2) and (B3), we have
Rµν − 1
2
Rgµν + Λ gµν = ∆µν . (B5)
Let us also define
χαβγδ = δαγδβρδδρ + δβδδαρδγρ − δαδδβρδγρ − δβγδαρδδρ . (B6)
Then we have
Rαβγδ = − tanh2
(
d ρ
2
)
(gαγgβδ − gαδgβγ)− d b
2
2
d+4
d
sech
2(d−2)
d
(
d ρ
2
)
χαβγδ . (B7)
Appendix C: Details of stability analysis
In this Appendix, we show that the symmetric torus wormhole in Eqn. (10) is stable against quadratic fluctuations.
In particular, we show that the bulk part of δ
2S
δgµνδgαβ
is positive-definite. Further, we establish that minimally coupled
free scalar fields, fermions, and gauge fields are also stable.
Bulk quadratic fluctuations of the Einstein-Hilbert action in Eqn. (6) take the form
1
16piG
∫
M
dd+1x
√
g
[
1
4
δg˜µν
(− gµαgνβ+ 2Rµαgνβ − 2Rµανβ)δgαβ
− 1
2
∇αδg˜αµ∇βδg˜ µβ − δg˜µα
(
Rαβ − 1
d+ 1
gαβR
)
δgβµ −
1
2
Λ δg˜µνδgµν
]
,
(C1)
where  = ∇µ∇µ and δg˜µν = δgµν − 12 gµνδgαα . For convenience, let us add a gauge-fixing term to the action, and
a compensating ghost term [28]. The gauge term is
Sgauge =
1
32piG
∫
dd+1x
√
g∇αδg˜αµ∇βδg˜ µβ , (C2)
which cancels out a term in Eqn. (C1) above. The corresponding ghost term is
Sghost =
1
32piG
∫
M
dd+1x
√
g V ∗µ (−gµν−Rµν)Vν
=
1
32piG
∫
M
dd+1x
√
g V ∗µ (−+ f(ρ))V µ −
1
32piG
∫
M
dd+1xΛ |V ρ|2 ,
(C3)
where V, V ∗ are ghost fields. Since f(ρ) ≥ 0 where f(ρ) = 0 at most at a single point (see Eqn. (B2)), the first term
is positive-definite, as is the second term.
The total action of quadratic fluctuations is S[gµν + δgµν ] +Sgauge[gµν , δgαβ ] +Sghost[gµν , Vα, V
∗
β ]. Since the ghosts
are Grassmann odd there is no sign constraint on the differential operator appearing in the ghost action, and so it
remains to study the quadratic fluctuations coming from S[gµν + δgµν ] + Sgauge[gµν , δgαβ ], namely
1
32piG
∫
M
dd+1x
√
g
[
1
2
h˜µν
(− gµαgνβ+ 2Rµαgνβ − 2Rµανβ)hαβ − 2h˜µα(Rαβ − 1
d
gαβR)h
β
µ − Λ h˜µνhµν
]
. (C4)
It is useful to denote the traceless part of δgµν by
δφµν = δgµν − 1
d
gµνδg
α
α , (C5)
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and the trace by
δφ = δgαα . (C6)
Noting that δgµν ⊃ 1d+1gµνδφ and δg˜µν ⊃
(
1
d+1 − 12
)
gµνδφ, the scalar δφ fluctuations decouple from the traceless
part of g and their quadratic action is(
1
4
− 1
2(d+ 1)
)
1
32piG
∫
M
dd+1x
√
g δφ(+ 2Λ)δφ . (C7)
This is negative-definite, but we perform the standard procedure [29] of deforming the contour of integration in the
path integral as δφ→ i δφ so the scalar fluctuations are positive-definite.
Finally, we analyze the quadratic δφµν fluctuations. The relevant part of the action is
1
32piG
∫
ddx
√
g
[
1
2
φµν
(− gµαgνβ+ 2Rµαgνβ − 2Rµανβ)φαβ − 2φµα(Rαβ − 1
d
gαβR)φ
β
µ − Λφµνφµν
]
. (C8)
Let us use Latin indices to denote the x1, ..., xd directions, and Greek indices when we want to include the ρ direction.
It is useful to parameterize δφµν by setting δφρρ = −giiδφii so that we can handle the tracelessness explicitly. With
this, Eqn. (C8) simplifies to the sum of three terms:
(I) =
1
32piG
∫
ddx
√
g
∑
i 6=j
1
2
[
∂αδφ
ij∂αδφij +m1(ρ)δφ
ijδφij
]
,
(II) =
1
32piG
∫
ddx
√
g
1
2
[
∂αδφ
ii∂αδφii +m2(ρ)δφ
iiδφii
]
,
(III) =
1
32piG
∫
ddx
√
g
1
2
[
∂αδφ
ρi∂αδφρi +m3(ρ)δφ
ρiδφρi
]
,
(C9)
where the effective masses are defined by
m1(ρ) =
1
d+ 1
1
cosh(d ρ) + 1
[
(2d3 − 7d2 − 3d− 2) + (d3 − d2 + 2) cosh(d ρ)] ,
m2(ρ) =
1
d+ 1
1
cosh(d ρ) + 1
[
(2d3 − 7d2 − 4d− 3) + (d3 − d2 + d+ 3) cosh(d ρ)] ,
m3(ρ) =
1
d+ 1
1
cosh(d ρ) + 1
[
(d3 − 4d2 − d− 4) + (d3 − 2d2 + d+ 4) cosh(d ρ)] .
(C10)
Let us check for what ranges of ρ these effective masses are greater than or equal to zero. The prefactors are also
positive, so it remains to examine the bracketed terms [· · · ]. Since we have cosh(d ρ) ≥ 1 for all ρ, if we want to lower
bound the masses we can simply replace cosh(d ρ)→ 1 in the bracketed terms. Doing so, we can bound the bracketed
terms in m1(ρ),m2(ρ),m3(ρ) respectively by
m1(ρ) ≥ (2d3 − 7d2 − 3d− 2) + (d3 − d2 + 2) = 3(d+ 1/3)d(d− 3)
m2(ρ) ≥ (2d3 − 7d2 − 4d− 3) + (d3 − d2 + d+ 3) = 3(d+ 1/3)d(d− 3) ,
m3(ρ) ≥ (d3 − 4d2 − d− 4) + (d3 − 2d2 + d+ 4) = 2d2(d− 3) .
(C11)
It is readily checked that these are all greater than or equal to zero for d ≥ 3, and furthermore the masses
m1(ρ),m2(ρ),m3(ρ) are zero at most at the single point ρ = 0. Therefore, Eqn. (C8) is positive-definite.
In summary, we find that the bulk gravitational action is stable to quadratic quantum fluctuations around the
symmetric wormhole constrained instanton for d ≥ 3. Furthermore, our analysis actually shows that the smallest
eigenvalue of δ
2S
δgµνδgαβ
is positive and bounded away from zero, and so by continuity we have shown that there is a
neighborhood in moduli space of quadraticcally stable constrained instantons containing the symmetric constrained
instanton. We also recall that for d = 2, we have previously provided a nonperturbative analysis [3, 4] which implies
stability.
Having treated the case of pure gravity, we now discuss coupling to matter and gauge fields. There is no issue
of stability for fermions, and the Yang-Mills action is positive semi-definite so there is no likewise issue for gauge
fields. So let us consider the case of a minimally coupled free scalar field. In this setting, we only need to consider
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ρ-dependent profiles of the field φ, since xi-dependent terms will only contribute to increase the action. For the case of
ρ-dependent profiles, the action is manifestly positive semi-definite for m2 ≥ 0, so it remains to consider negative m2
greater than or equal to the BF bound. In this case, the spectrum of the kernel in the quadratic action was analyzed
for d = 2 in [6], and it was shown that the eigenvalues were non-negative for m2 above the Breitenlohner-Freedman
bound m2BF = −d
2
4 , with a single normalizable zero mode at the BF bound. For configurations of φ which only depend
on ρ, the d > 2 case follows from the same d = 2 analysis. The d > 2 kernel can be mapped to the d = 2 one by the
combination of a rescaling of the radial coordinate ρ→ 2ρd and of the mass-squared m2 → 4d2m2. Recalling that the
BF bound is m2BF = −1 in d = 2, we see that these rescalings preserve the BF bound for d = 2. The result is that for
scalars with m2 above the BF bound in d ≥ 2, the spectrum of the kernel is non-negative, with a normalizable zero
mode appearing when the scalar is at the BF bound.
Appendix D: The instanton action and the boundary stress tensor
In the main text we saw that the holographically renormalized action of some Euclidean wormholes in negative
cosmological constant could be simply expressed in terms of the size parameter b and the boundary data. Here we
consider any torus wormhole with a metric of the form
ds2 = dρ2 + hij(ρ)dx
idxj , (D1)
and use the modified Einstein’s equations (8) to derive a simple expression for the renormalized action. That expression
is a pure boundary term,
Sren =
1
d
∫
∂M
ddx
√
γ γijT
ij . (D2)
Here the boundary ∂M is the union of B1 and B2, the two components of the boundary reached as ρ→ ±∞, and the
action is the sum of a boundary term on B1 and a boundary term on B2. γ1, γ2 are the boundary metrics on B1, B2,
and T1, T2 are the boundary holographic stress tensors given in Eqn. (D16). A similar computation shows that the
action of wormholes with S1×Sd−1 cross-section is, in a natural renormalization scheme, given by (D2), although the
holographic stress tensor receives a correction relative to (D16) on account of the boundary curvature.
See Appendix A of [13] for a similar derivation in a rather general 2D theory of dilaton gravity.
In many contexts the action of a configuration simplifies dramatically when that configuration is on-shell. Our
wormholes are not on-shell, yet their action still simplifies enormously. The key fact we will use is that the ij
components of the modified Einstein’s equations in (8) are just the usual ij components of Einstein’s equations, which
follow from varying the Einstein-Hilbert action with respect to hij in (D1). So the wormhole is partially on-shell,
enough to proceed.
The Einstein-Hilbert action may be written in terms of the scalar curvature R(d) of h and the extrinsic curvature
Kij of constant-ρ slices as
SEH = − 1
16piG
∫
M
ddxd ρ
√
h
(
R(d) + (TrK)2 − Tr(K2)− 2Λ
)
+
1
8piG
∫
∂M
ddx
√
hTr(K) , (D3)
where
R(d) = 0 , Kij =
1
2
∂ρhij , (TrK)
2 =
1
4
(hij∂ρhij)
2 , Tr(K2) = −1
4
(∂ρh
ij)(∂ρhij) . (D4)
We also work in units where Λ = −d(d−1)2 , setting the AdS radius to unity. Adding the Gibbons-Hawking boundary
term − 18piG
∫
∂M d
dx
√
hTr(K) we then have
SEH + SGH = Sbulk = − 1
16piG
∫
M
ddxd ρ
√
h
(
1
4
(hij∂ρhij)
2 +
1
4
(∂ρh
ij)(∂ρhij)− 2Λ
)
. (D5)
Let us write the bulk integrand as
√
hL . Varying the action with respect to hij , we find
δSbulk = − 1
16piG
∫
M
ddxd ρ
√
h
{
1
2
Lhijδhij + 1
2
(hij∂ρhij)∂ρ(h
klδhkl) +
1
4
(∂ρh
ij)∂ρ(δhij) +
1
4
(∂ρhij)∂ρ(δh
ij)
}
,
(D6)
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where we have used the usual identity δ
√
h = 12
√
hhijδhij = − 12
√
hhijδh
ij . Integrating by parts in the second line
and performing some cancellations, we have
δSbulk = − 1
16piG
∫
M
ddxd ρ
{(√
hL − ∂ρ(
√
hhkl∂ρhkl)
)
hij − 1
2
∂ρ(
√
h∂ρh
ij) +
1
2
∂ρ(
√
h∂ρhkl)h
ikhjl
}
δhij
2
+
1
16piG
∫
∂M
ddx
√
h
{
hikhjl∂ρhkl −
(
hkl∂ρhkl
)
hij
} δhij
2
,
(D7)
so that the ij components of Einstein’s equations read
√
hLhij = ∂ρ
(√
h (hkl∂ρhkl)
)
hij +
1
2
∂ρ
(√
h ∂ρh
ij
)
− 1
2
∂ρ
(√
h ∂ρhkl
)
hikhjl . (D8)
Contracting both sides with with hij and dividing by d, we find (using h
ij∂ρhij = −hij∂ρhij)
√
hL = d− 1
d
∂ρ
(√
hhij∂ρhij
)
=
2(d− 1)
d
∂ρ
(√
hTr(K)
)
, (D9)
a total derivative.
The holographically renormalized action in a setting like this with flat boundary is given by the sum of the Einstein-
Hilbert action integrated out to a “cutoff slice” near the boundary, along with the Gibbons-Hawking boundary term
there and a counterterm proportional to the volume of the cutoff slice. Then one performs the limit where the cutoff
is taken to the conformal boundary. With this limit implicit one writes
Sren = SEH + SGH + SCT , SCT =
d− 1
8piG
∫
∂M
ddx
√
h . (D10)
So, adding the counterterm, we see that the instanton action is the pure boundary term
Sren = − 1
8piG
d− 1
d
∫
∂M
ddx
√
h (Tr(K)− d) . (D11)
This expression can be rewritten in terms of the holographic stress tensor.
Using the ij equations of motion, the variation of Sbulk in (D7) was a pure boundary term, which determines the
Brown-York stress tensor
δSbulk =
∫
∂M
ddx
√
hT ijBY
δhij
2
, T ijBY =
1
8piG
(
Kij − Tr(K)hij) . (D12)
Upon accounting for the volume counterterm, the variation of the full action produces
δSren =
1
8piG
∫
∂M
ddx
√
h
(
Kij − Tr(K)hij + (d− 1)hij) δhij
2
. (D13)
From this we extract a boundary stress tensor using a defining function. In these coordinates, if there is a conformal
boundary at ρ→∞, then we require a defining function f ∼ eρ to extract a finite boundary metric as
γij = lim
ρ→∞
hij
f2
. (D14)
Then we have
δSren =
∫
∂M
ddx
√
γ T ij
δγij
2
, (D15)
with T ij the holographic stress tensor
√
γ T ij =
1
8piG
lim
ρ→∞ f(ρ)
2
√
h
(
Kij − Tr(K)hij + (d− 1)hij) . (D16)
It immediately follows that
1
d
√
γ γijT
ij = − lim
ρ→∞
1
8piG
d− 1
d
√
h (Tr(K)− d) . (D17)
Comparing with (D11) then provides the desired identity (D2).
